Abstract: Let SR * be the class of starlike functions with real coefficients, i.e., the class of analytic functions f which satisfy the condition
Introduction 6
Let H be the class of analytic functions in D := {z ∈ C : |z| < 1} and let A be the class of functions f ∈ H normalized by f (0) = 0 = f (0) − 1. That is, for z ∈ D, f ∈ A has the following representation f (z) = z + ∞ ∑ n=2 a n z n .
For q, n ∈ N, the Hankel determinant H q,n ( f ) of functions f ∈ A of the form (1) are defined by H q,n ( f ) = a n a n+1 . . . 
Computing the upper bound of H q,n over subfamilies of A is an interesting problem to study. Recently many authors have examined the Hankel determinant H 2,2 ( f ) = a 2 a 4 − a 2 3 of order 2 (see e.g., [1-6]). Note that H 2,1 ( f ) = a 3 − a 2 2 is the well-known functional which for the class of univalent functions was estimated by Bieberbach (see, e.g., [7] (Vol. I, p. 35)). Especially, the functional H 3,1 ( f ), Hankel determinant of order 3, is presented by H 3,1 ( f ) = a 1 a 2 a 3 a 2 a 3 a 4 a 3 a 4 a 5 = a 3 (a 2 a 4 − a 2 3 ) − a 4 (a 4 − a 2 a 3 ) + a 5 (a 3 − a 2 2 ).
The bounds of H 3,1 ( f ) over several subfamilies of A were studied in [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Let S * be the class of starlike functions in A. That is, the class S * consists of all functions f ∈ A satisfying
The leading example of a function of class S * is the Koebe function k, defined by k(z) = z(1 − z) −2 = z + 2z 2 + 3z 3 + · · · , z ∈ D.
In [4], Janteng et. al. obtained the sharp inequality |H 2,2 ( f )| ≤ 1 = |H 2,2 (k)| for f ∈ S * . For the estimates on the Hankel determinant H 3,1 ( f ) over the class S * , Babalola [17] obtained the inequality |H 3,1 ( f )| ≤ 16. And Zaprawa [18] improved the result by proving |H 3,1 ( f )| ≤ 1. Next, Kwon et. al.
[13], recently, found the inequality |H 3,1 ( f )| ≤ 8/9 and we conjectured that |H 3,1 ( f )| ≤ 4/9, f ∈ S * .
The sharp bound of |H 3,1 ( f )| over the class S * is still open.
8
Let SR * be the class of starlike functions in A with real coefficients. Hence, if f ∈ A belongs to 9 the class SR * , then f has the form given by (1) with a n ∈ R, n ∈ N \ {1} and satisfies the condition (3).
10
In this paper, it will be derived that
So, from (5), it is remarkable that the inequality (4) is true for f ∈ SR * .
11

Carathéodory and Schwarz functions
12
Let P be the class of functions p ∈ H of the form
having a positive real part in D, i.e., the Carathéodory class of functions. It is well known, e.g., [19] (p. 166), that for p ∈ P with the form given by (6),
for some ζ ∈ D. Moreover, the following lemma will be used for our investigation.
13
Lemma 1.
[20] The formula (7) with c 1 ∈ [0, 2) and ζ ∈ T holds only for the function p ∈ P defined by
where τ ∈ [0, 1).
14 Let B 0 be the subclass of H of all self-mappings ω of D of the form
i.e., the class of Schwarz functions. It is well known that ω ∈ B 0 if and only if p = (1 + ω)/(1 − ω) ∈ P.
Lemma 2. If ω ∈ B 0 is of the form given by (8), then
The following inequalities, which will be used, hold for the fourth coefficients for Schwarz
22
functions with real coefficients.
23
Lemma 3.
[22] If ω ∈ B 0 is the form (8), β n ∈ R, n ∈ N, and β 2 2 = (1 − β 2 1 ) 2 , then
where
and
Propositions
24
For given a set A, let intA, clA and ∂A be the sets of interior, closure and boundary, respectively, inequalities for functions, defined in subsets of R, which will be used for our main result.
27
Proposition 1. Define a function F 1 by
We will show that G(x, y) < 2 √ 3 holds for (x, y) ∈ R. Now, let x ∈ (0, 1) be fixed and put b i = b i (x) (i ∈ {0, 1, 2, 3, 4}). Then b 3 < 0. Define a function g x by g x (y) = G(x, y). Note that
occurs at y = ζ 1 or ζ 2 , where
It is trivial that ζ 1 < 0 < ζ 2 . Furthermore, since b 3 < 0, g x has the local minimum at y = ζ 1 . Let α = 0.322818 · · · be a zero of polynomial q, where
Note that ζ 2 ≥ 1 holds for x satisfying
Hence we obtain
Hence, by (13), we get g x (y)
, g x has its local maximum g x (ζ 2 ). Using the fact that ζ 2 is a solution of the equation given by (14) leads us to get
We claim that g x (ζ 2 ) − 3 < 0 holds for all x ∈ [α, 1). A compuation gives
We can see that the right-side of the above equation is positive for all x ∈ [α, 1). Thus, by squaring the both sides of (15), we have g x (ζ 2 ) < 0 is equivalent to Ψ > 0, where
By a simple calculation we have
where Since Λ x < 0 holds for all x ∈ [α, 1), from (16), Ψ > 0, which implies
Finally, since
it follows from (13) and (17) that g x (y) < 3 < 2 √ 3 holds for all y ∈ [−1, 1]. Thus the proof of
33
Proposition 1 is completed.
34
Proposition 2.
Let
Proof. First of all, we note that F 2 is well-defined, since 8 + y − x(17 + y) > 0 holds for all (x, y) ∈ Ω.
36
Differentiating F 2 with respect to x twice gives Fix now y ∈ [0, 1) and put y 0 = y/(1 + y) ∈ [0, 1/2). Let us define a function g y : [0,
Since −4 ≤ 1 − 6y + y 2 ≤ 1, we have
Thus, by (20), we get g y (x) < 0, when x ∈ [0, y 0 ]. So g y is decreasing on the interval [0, y 0 ], which yields
as we asserted.
37
Proposition 3. Define a function F 3 by
Proof. First of all, by simple calculations, the equation (∂F 3 /∂x)(x, y) = 0 gives us
Also, the equation (∂F 3 /∂y)(x, y) = 0 holds when
Assume that the function F 3 has its critical point at (x 0 , y 0 ) ∈ intR. Since 8 − y 0 + x 0 (1 + y 0 ) = 0, from (22) and (23), we have
or, equivalently, y 0 = x 0 /(1 − x 0 ). However, it holds that has its maximum on ∂R.
40
We now consider F 3 on ∂R.
41 (a) On the side x = 1, we have F 3 (1, y) ≡ 0.
42
(b) On the side y = −1, we have F 3 (x, −1) ≡ 0.
43
(c) On the side y = 1, we have
Since the inequality 2(7
. This inequality with (24) implies F 3 (x, 1) < 2 < 2 √ 3 holds for x ∈ [0, 1].
45
(d) On the side x = 0, we have
And the inequality F 3 (0, y) ≤ 2 √ 3 (y ∈ [−1, 1]) comes directly from (25) and
From (a)-(d), for all (x, y) ∈ ∂R, the inequality F 3 (x, y) ≤ 2 √ 3 holds. Thus the proof of
46
Proposition 3 is completed.
Proposition 4. For F 1 defined by (12), the inequality
We note that, when x = 0, G(0, y) = 7y 2 ≥ 0 holds for y ∈ [−1, 1]. And, when x = 1,
50 Let x ∈ (0, 1) be fixed and put
We will show that the inequality g x (y) ≥ 0 holds for all y ∈ [0, 1].
52
Note that l 3 > 0 and l 1 < 0. Let
be the roots of the equation g x (y) = 3l 3 y 2 + 2l 2 y + l 1 = 0.
Then it is easily seen that ζ 1 < 0 < ζ 2 . Moreover ζ 2 < 1 holds. Indeed, ζ 2 < 1 is equivalent to l 1 l 3 + 3l 2 3 + 2l 2 l 3 > 0. And a computation gives
Since ϕ(x) < 0, by (26), we get l 1 l 3 + 3l 3 2 + 2l 2 l 3 > 0 and ζ 2 < 1. Therefore, we have
On the other hand, simple calculations give us that Since
Moreover (28) is equivalent to Ψ ≥ 0, where
We represent Ψ by Ψ = −27x 
SinceΛ x < 0 holds for all x ∈ (0, 1), from (29), Ψ ≥ 0 is true. We thus have g x (ζ 2 ) ≥ 0. Finally, it 53 follows from (27) that g x (y) ≥ 0 holds for all y ∈ [0, 1]. The proof of Proposition 4 is completed.
54
Proposition 5. For a function F 4 defined by
where F 1 is defined by (12), we have
Proof. It is easily checked that where ϕ x : [0, 1/3] → R is the function defined by
Since m 1 < 0 and
we get
Therefore ϕ x is increasing on [0, 1/3] and we get
Thus, by (32), g x (y) ≥ −8 holds for y ∈ [−1/3, 0].
58
Next, we will show that g x (y) ≥ −8 holds for y ∈ [0, 1]. For this, define a function
It is sufficient to show that ψ x (y) ≥ 0 holds for y ∈ [0, 1], since
be the roots of the equation
Clearly, ζ 1 < 0. Thus we have
Since
it is enough to show that ψ x (ζ 2 ) ≥ 0 holds. A similar argument with the proof of Proposition 4, for 59
x ∈ (0, 1), ψ x (ζ 2 ) ≥ 0 holds ifΛ −x < 0, whereΛ x is the quantity defined by (30). It can be checked 60 thatΛ x < 0 holds for all x ∈ (−1, 0). Consequently, ψ x (ζ 2 ) ≥ 0, when x ∈ (0, 1), follows. Hence, by 
Main result
63
By using all lemmas in Section 2 and propositions in Section 3, the sharp bound of Hankel 64 determinant of the third kind for starlike functions with real coefficients can be derived as the following 65 result.
66
Theorem 1. If f ∈ SR * is the form (1), then the following inequalities hold:
The first inequality is sharp for the function f = f 1 ∈ SR * , where
The second inequality is sharp for the function f = f 2 ∈ SR * , where
Proof. Let f ∈ SR * be of the form (1). Then by (3) there exists a ω ∈ B 0 of the form (8) such that
Substituting the series (1) and (8) into (35), by equating the coefficients we get
67
I. When β 1 = 1, then by Schwarz's lemma, β n = 0 for all n ≥ 2. Thus, by (36), H 3,1 ( f ) = 0. 
with τ ∈ [0, 1). And, from p = (1 + ω)/(1 − ω), we have
Substituting (37) into (36), we get
It can be easily checked that g(x) ≤ g(0) = 0, for x ∈ [0, 1). Moreover, since g (x) = 0 occurs only when x = x 1 := (7 − √ 19)/6 = 0.440184 · · · ∈ [0, 1) and g (x 1 ) = 4 √ 19/9 > 0, it holds that
So, from (38), the inequality (34) holds.
II(b)
Now assume that ζ = −1. Then, by Lemma 1 again, we get p = p 2 , where
with τ ∈ [0, 1). Thus, we have
Substituting (39) into (36), we get H 3,1 ( f ) = 0 and the inequality (34) holds.
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III. Let now |β 2 | = 1 − β 2 1 and β 1 = 1.
72
At first, we will show that the second inequality in (34) holds. Since β 1 , β 2 and β 3 are real, by Lemma 2 for s ∈ [0, 1] and t, u ∈ [−1, 1] we have
Substituting (40) into (10) and (11), we have
We also have (s, t) ∈ C, where C is a curve defined by
III(a) Consider the case β 2 ≥ β 2 1 , i.e. (s, t) ∈ Ω 1 , where Ω 1 is the set defined by
In this case, by (41), we have
with
We note that Φ 2 > 0, since Since λ i (s) ≥ 0 when s ∈ [0, 1/ √ 2) for i ∈ {1, 2}, we have
Hence, we get 2Φ 2 − Φ 1 ≥ 0 and it follows from Φ 2 > 0 that u 1 ≥ −1.
73
(i) Assume that u 1 ≥ 1. Then we have
Therefore, by (43), it holds that
where F 1 is the function defined by (12). From Proposition 1 and (45), we thus have H 3,1 ( f ) ≤ √ 3/9.
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(ii) Assume that −1 ≤ u 1 ≤ 1. Then we have
where F 2 is the function defined by (18) . Therefore, by Proposition 2, H 3,1 ( f ) ≤ √ 3/9 holds.
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III(b)
Consider the case β 2 ≤ β 2 1 , i.e. (s, t) ∈ Ω 2 , where Ω 2 is the set defined by Ω 2 = cl(R \ Ω 1 ) \ C. Then, from (42), we have
Using the inequality s 2 ≥ t/(1 + t), we haveΦ 2 where F 3 is the function defined by (21). Therefore, by Proposition 3, we obtain H 3,1 ( f ) ≤ √ 3/9.
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Next, we will show that the first inequality in (34) holds.
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IV(a) Consider the case β 2 ≥ β 2 1 . Then we have 
whereΦ is the function defined by (47). SinceΦ 1 ≤ 0 andΦ 2 > 0, it holds that Φ(s, t, u) ≤ max{Φ(s, t, −1),Φ(s, t, 1)} =Φ(s, t, −1) =Φ 2 −Φ 1 +Φ 0 , (s, t, u) ∈ Ω 1 × [−1, 1].
Hence, from (48), we obtain H 3,1 ( f ) ≥ −(1 − s 2 )(1 + t)(Φ 2 −Φ 1 +Φ 0 ) = F 4 (s, t), (s, t) ∈ Ω 1 ,
where F 4 is the function defined by (31). Thus, by Proposition 5 and (49), we get H 3,1 ( f ) ≥ −4/9.
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IV(b)
We consider the case β 2 ≤ β 2 1 . Then we have where Φ is the function defined by (44).
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For t ∈ [−1/3, 0], let s t = t 2 − 5t t 2 + 4t + 3 so that 0 = s 0 ≤ s t ≤ s −1/3 = 1 holds for t ∈ [−1/3, 0]. And let Ω 3 = {(s, t) ∈ Ω 2 : s ≤ s t } and Ω 4 = {(s, t) ∈ Ω 2 : s ≥ s t }. 
